Abstract -For an abelian variety A over a number field k we discuss divisibility questions in H 1 (k, A) of elements of the subgroup X(A/k). The results are most complete for elliptic curves over Q. The connection to the section conjecture of anabelian geometry is discussed.
1. Introduction 1.1. The Cassels-Bashmakov problem. Let A/k be an abelian variety over an algebraic number field k with algebraic closure k alg . Bashmakov [Ba64, Ba72] , studied the question of whether elements of the Tate-Shafarevich group X(A/k) can become divisible in the WeilChâtelet group H 1 (k, A) = H 1 (k, A(k alg )), i.e., lie in the subgroup div(H 1 (k, A)) of divisible elements. Bashmakov's results are recalled in Section §5. This question was initially asked by Cassels in the case of elliptic curves (see [Ca62] Problem 1.3) because an affirmative answer would prove that the kernel of the Cassels' pairing equals the maximal divisible subgroup of the TateShafarevich group. This question appears again in [Cas62] Problem (b) where Cassels completes his analysis of the kernel of Cassels' pairing but states that the question of the divisibility of the Tate-Shafarevich group in the Weil-Châtelet group remains open.
Extending Cassels question, Bashmakov [Ba64] also investigates whether X(A/k) can meet the maximal divisible subgroup Div(H 1 (k, A)) of H 1 (k, A) in a nontrivial way, see also [HS09] §4. In other words, the Cassels-Bashmakov's problem considers the filtration
yields that the corresponding class [W ] ∈ H 1 (k, A) lies in the maximal divisible subgroup, see [HS09] and Section §9. If, in addition, local points exist on W , then [W ] belongs to X(A/k) and the existence of a global k-rational point follows from a negative answer to Bashmakov's problem for A/k, see again [HS09] §4 and also [Sx11a] §19.3.5. The connection 1 of Bashmakov's problem to the section conjecture of anabelian geometry will be discussed in Section §9.
1.2. Summary of results. Our main concern is divisibility properties of X(A/k) in H 1 (k, A) for an abelian variety A over a number field k. In view of the conjectured finiteness of X(A/k) the p-divisibility should be guaranteed for large p depending on A/k. Our aim therefore is to identify conditions that a prime number p must satisfy for the p-divisibility conclusion to hold, which are sufficient and as close as possible to being necessary.
For elliptic curves over the rationals Theorem 29 and Corollary 30 yield the following.
Theorem A. Let E/Q be an elliptic curve defined over the rationals. Then the following holds.
(1) X(E/Q) is p-divisible in H 1 (Q, E) for all primes p > 7. (2) There is at most one odd prime number p = 3, 5 or 7, and then at most two quadratic twists E τ /Q of E/Q, such that X(E τ /Q) is not p-divisible in H 1 (Q, E τ ). (3) If p = 5 or 7 and X(E/Q) is not p-divisible in H 1 (Q, E) then E has semistable reduction outside p.
The essential content of Theorem 22 provides a uniform criterion for elliptic curves over an algebraic number field k that depends only on the degree of k/Q. Theorem B. Let E/k be an elliptic curve defined over an algebraic number field k of degree d over Q. Then X(E/k) is p-divisible in H 1 (k, E) for every prime number p > (2 d + 2 d/2 ) 2 .
Our method actually shows more. We define the locally divisible H 1 as the kernel
Since div(−) is a functor, we find div(H 1 (k, A)) ⊆ H 1 div (k, A). Focusing on the p-part and using local Tate duality H 1 (k v , A) = Hom(A t (k v ), Q/Z) we find for v ∤ p that div(H 1 (k v , A) p ∞ ) = 0 and therefore an exact sequence
Moreover, as recalled in (2.2), the group X(A/k) p ∞ has the shape (Q p /Z p ) dp ⊕ T (p) for some d p ≥ 0 and T (p) a finite p-group. Obviously, the question of whether X(A/k) p ∞ lies in Div(H 1 (k, A)) or div(H 1 (k, A)) is only to be asked about T (p). The most general divisibility property that we prove now reads as follows, see Proposition 19 and the arguments thereafter together with Lemma 37 as well as the proof of Theorem 15. It can be viewed as a local to global principle for p-divisibility of elements in the Weil-Châtelet group with respect to certain p.
Theorem C. Let A/k be an abelian variety over an algebraic number field, let A t be its dual abelian variety, and let p be a prime number. If we assume that (i) H 1 (k(A t p )/k, A t p ) = 0, with the splitting field k(A t p ) of the p-torsion A t p of A t , and (ii) the Gal k -modules A t p and End(A t p ) have no common irreducible subquotient, in particular if p ≫ 0, then div(H 1 (k, A)) p ∞ = H 1.3.1. On curves. In the sequel, we let k be an algebraic number field, i.e., a finite extension of Q. We set X = Spec(o k ) with the ring of integers o k in k. The completion of k at a place v is k v . The finite places of k will be identified with the closed points of X. An abelian variety A/k with good reduction over a nonempty open U ⊂ X extends to an abelian scheme over U that we denote by A/U by abuse of notation.
1.3.2. On abelian groups. Let M be an abelian group. The n-torsion subgroup is denoted by by M n , and M p ∞ denotes the p-primary torsion n M p n . The subgroup div(M ) = n≥1 nM of divisible elements of M contains the maximal divisible subgroup Div(M ) of M , which equals im(ϕ) for all ϕ : Q → M . For matters of clarity we will distinguish between "a is divisible by p", meaning there is a ′ with a = pa ′ , and "a is p-divisible", which means that for every n ≥ 1 there is a ′ with a = p n a ′ . For a discussion of div(M ) and Div(M ) see Jannsen [Ja88] §4. In particular note that in general div(M ) is strictly larger than Div(M ), as in the following example:
where div(M ) = 1 2 Z/Z and Div(M ) = 0.
Preliminaries and reminder on global Galois cohomology
2.1. Tate-Shafarevich and Selmer groups. Let k be an algebraic number field. For a discrete Gal k -module M we set
with the restriction maps res v induced by the embedding k ֒→ k v , and the product ranges over all places v of k. The Tate-Shafarevich group X(A/k) for an abelian variety A over k is defined 2 as X 1 (k, A) = X 1 (k, A(k alg )), and in particular is a torsion group. It follows that
where p ranges over all prime numbers and the Cassels-Bashmakov problem decomposes into p-primary parts. We will now concentrate on the p-primary part of the Cassels-Bashmakov problem.
Let p be a prime number. The p n -torsion Selmer group of A is defined as
with v ranging over all places of k. A quick diagram chase with the cohomology sequence of the Kummer sequence 0 → A p n → A p n · − − → A → 0 over k and all the localisations k v yields the fundamental short exact sequence 0 → A(k)/p n A(k)
It is known that H 1 Sel (k, A p n ) is a finite group, see Theorem 1 and Proposition 2 below. Therefore X(A/k) p ∞ is of finite corank and X(A/k) p ∞ ∼ = (Q p /Z p ) dp ⊕ T (p) (2.2) with a finite p-primary torsion group T (p).
2 The traditional definition of X(A/k) is indeed equivalent due to the subtle equality
2.2. Generalized Selmer groups. The Selmer group H 1 Sel (k, A p n ) is a global H 1 with local Selmer-conditions at every place. A generalized Selmer group H 1 L (k, M ) for a discrete finitely generated Gal k -module M occurs by imposing local conditions
such that the local conditions L v agree for almost all v with the unramified local cohomology
Here κ(v) is the residue field at v and I v ⊂ Gal kv is the inertia subgroup. We do not bother to define H 1 nr for infinite places v since there are only finitely many of them. For a textbook reference we refer to [NSW08] (8.7.8).
Observe that in the case when M = A p n , it is known that the image of the boundary map δ kum of the Kummer sequence
coincides with H 1 nr (k v , A p n ) at places of good reduction with residue characteristic = p. Hence for M = A p n with L v = Sel v we find back our original definition of the Selmer group.
We shall mainly be working with the following generalized Selmer groups. Let Q be a finite set of finite places. The Selmer group free at Q is defined as
and the Selmer group trivial at Q is defined as
Obviously we have inclusions H
1 Sel
2.3. Dual conditions and Euler characteristic formula. Let L = (L v ) be a collection of local conditions for a discrete finitely generated
with respect to the local Tateduality pairing. We know that
for almost all v, see [Mi86] Theorem 2.6, and consequently, L * is a collection of local conditions for the dual
We now specialize to M = A p n , so that M D = A t p n , where A t is the dual abelian variety. The Selmer condition is self-dual: Sel * = Sel, and the dual of Sel p is Sel * p = Sel p . In order to relate sizes of these generalized Selmer groups, we adapt the Tate-Poitou exact sequence as in the proof of [NSW08] Theorem (8.7.9). We denote by (−) ∨ the Pontrjagin dual Hom(−, Q/Z) and get the exact sequence
where S is a finite set of primes of k which includes all the archimedean primes, all primes of bad reduction, all the primes for which
, as well as all the primes above p. The field k S is the maximal extension of k unramified outside S. We use the natural map of (2.3) for L = Sel to the sequence for L = Sel p with the same set S.
Applying the snake lemma twice we find thus a short exact sequence
which will help estimating sizes of generalized Selmer groups later.
3. Translation between Galois cohomology and étale cohomology 3.1. The comparison map. Let S be a connected noetherian scheme ands ∈ S a geometric point. The stalk functor M → Ms yields an equivalence of categories between locally constant constructible sheaves on the small étale site S ét and finite continuous discrete π 1 (S,s)-modules. The finite étale site S fét is equivalent to the canonical site of π 1 (S,s) and receives a continuous map γ : S ét → S fét . The inverse of the stalk functor agrees with γ * after suitable identifications. We deduce a natural comparison map
for locally constant constructible sheaves M on S ét . In the sequel, all cohomology of schemes will be étale cohomology and we will simplify notation to H i (S, M ) = H i (S ét , M ). The map γ i is always an isomorphism for i = 0, 1 and still injective for i = 2, see for example [Sx02] Appendix A. More is true in special cases. Theorem 1. Let k be an algebraic number field with ring of integers o k . Let U ⊂ Spec(o k ) be a nonempty Zariski open endowed with a geometric pointū ∈ U . Let p be a prime number which is invertible on U .
For a locally constant constructible sheaf M on U ét with stalk Mū of order a power of p the comparison map
is an isomorphism of finite groups for all i ≥ 0.
Proof: This is [Zi78] Proposition 3.3.1, and finiteness follows from [Zi78] Theorem 2.6.
3.2. Inner étale cohomology. In this section we shall not be concerned with the effect of real places by assuming there are none, or that we deal with p = 2. Otherwise, there are expositions of the necessary modifications after Artin-Verdier by introducing the Woods-Hole site that one should think of as a compactification of Spec(o k ) ét , see for example [Zi78] . Set X = Spec(o k ) for the ring of integers o k of an algebraic number field k. Let j : U ⊂ X be a dense Zariski open. Then compactly supported cohomology of a torsion sheaf F on U ét is defined as
, the image of which we define to be the inner cohomology H i ! (U, F ).
3.3.
Inner étale cohomology and the relation to Selmer groups. Let M be a locally constant constructible sheaf on U ét with generic fiber the finite Gal k -module M . A part of the localisation sequence for an open V ⊂ U reads
As H 1 v (U, M ) = 0 for locally constant sheaves M , we find that
is injective. Let L = (L v ) be a collection of local conditions for M . We define the étale cohomology with local conditions as
which agrees with
In particular, we have étale cohomology H 1 Sel (U, A p n ) with Selmer condition for a Zariski open U ⊂ X with good reduction of A over U and a prime number p invertible on U .
The additional claims follow from (3.3), the definition (3.2), and the exact sequence
for i ≥ 0. These exact sequences arise from the localisation sequence for U ⊂ X and the sheaf
Corollary 3. Let A/k be an abelian variety with good reduction over U and let p be a rational prime invertible on U . With Q equal to the set of finite places v ∈ U we have 
Proof: An element of H 1 (U, A) is represented by a principal homogeneous space W under A over U , which is trivial if and only W (U ) is nonempty. The valuative criterion of properness yields W (U ) = W (V ) which proves the claim on injectivity. Now H 1 div (k, A) p n consists of classes that are trivial outside all v | p, see (1.2), hence is contained in the image of
3.4. Artin-Verdier duality and inner cohomology. Duality theory for étale cohomology of rings of integers was developed by Artin-Verdier, see [Zi78] . We recall the duality theorem below but consider only odd coefficients to ignore the ramifications of the theory caused by real places. The constraint of our main results to odd primes p comes from essential difficulties in the inductive setup of Section §6 and is not caused by our slackness towards p = 2 and duality. 
of finite abelian groups.
Proof: We apply the duality theorem for X and j ! M of [Zi78] Theorem 3.2
it suffices to show that the Ext spectral sequence
collapses with E ij 2 = 0 for j > 0. This is proved in [Zi78] Lemma 3.2.2. Corollary 6. Let U ⊂ X be as above, and let M be a locally constant constructible sheaf of U ét with stalks of odd order invertible on U . Then
Proof: The corollary follows immediately because the map
by Theorem 5. Indeed, not only the groups are dual, but also the maps, because in the derived category we may compute
Divisibility by a fixed power of p
In the sequel the field k will always be an algebraic number field with ring of integers o k and U will be a nonempty Zariski open in X = Spec(o k ).
4.1. The obstruction class. Divisibility by p r is controlled by an obstruction class as follows.
Proposition 7. Let A/k be an abelian variety with good reduction over U and let p be invertible on U . For r ∈ N there is a short exact sequence
Proof: The short exact sequence 0 → A p r → A p r · − − → A → 0 on U ét yields the short exact sequence
by naturality and the exact sequence (3.4), the exactness of (4.1) follows.
4.2. Criteria for divisibility by a power of p. For an integer n we consider the Galois representation ρ A,n : Gal k → GL(A p n ) on the p n -torsion of A which is a free Z/p n Z-module of rank 2 dim(A). We write G n or G n (A) for the image of ρ A,n .
Theorem 9.
(1) Let A/k be an abelian variety with good reduction over U , such that the p-Sylow subgroup of G n (A t ) is cyclic, where A t is the dual abelian variety. Then for a sufficiently small open V ⊂ U we find H 2 ! (V, A p n ) = 0. (2) Let E/k be an elliptic curve with good reduction over U . Then for a sufficiently small open V ⊂ U we find
Proof: (2) implies (3) by Corollary 8, and (1) implies (2) because a p-Sylow of 
The representation ρ A,n is unramified over U . Let U n → U be the G n (A)-Galois finite étale cover corresponding to the factorization ρ A,n : π 1 (U ) ։ G n (A). We have an exact sequence
Chebotarev's density theorem allows us to choose a finite auxilliary set of places Q ′ of k large enough so that q ∈ Q ′ is completely split in U n /U and the Frobenius elements Frob q ∈ π 1 (U n ) generate the finite group π ab 1 (U n )⊗Z/p n Z. We choose Q = Q ′ ∪{q 0 } with one further unramified prime q 0 such that Frob q 0 generates the p-Sylow subgroup of G n (A). Following Jannsen [Ja82] we define for a finite group G and a G-module M the subgroup
where g ⊆ G is the cyclic subgroup generated by g. What the proof of Theorem 9 actually shows is the following.
Corollary 11.
(1) For an abelian variety A/k with good reduction over U we have for sufficiently
We can now easily deduce the following corollary which is a special case of Theorem 20.
Corollary 12. Let k be a number field and E/k be an elliptic curve with good reduction over U such that G 1 (E) is non-solvable. Then for every n ∈ N for sufficiently small V ⊂ U depending on n we have
Proof: [ÇW08] Proposition 1.3.1 shows that H 1 (G n (E), E p n ) = 0 under the given assumptions on E. Corollary 11 (2) then proves the claim since elliptic curves are their own duals.
Review of Bashmakov's results

5.1.
When the pro-p fundamental group is free. In [Ba64] Bashmakov proves p-divisibility in the arithmetic case for abelian varieties A/k with very special properties. First, the number field k is required to satisfy the following conditions:
(i) k contains the p th roots of unity, (ii) there is a unique p | (p) in k/Q, (iii) and the class number of k is prime to p.
It is a well known result of Shafarevich [Sh63] , that conditions (i)-(iii) imply that the complement U = Spec(o k ) \ {p} has a free pro-p group as its maximal pro-p quotient π 1 (U ) pro−p of its fundamental group, see [NSW08] Cor 10.7.14. Moreover, the abelian variety A/k has to satisfy: (iv) A/k has good reduction above U , (v) the action of Gal k on A p factors over a p-group. In [Ba64], Bashmakov does not require condition (v), although his argument at the very end does depend on it. Namely, under these assumptions we compute by Theorem 1
Due to (v) and a theorem of Neumann [Ne75] , see [NSW08] Cor 10.4.8, we find that
which vanishes in view of the freeness of π 1 (U ) pro−p recalled above. Hence, by Corollary 8, we find for all n ≥ 1 that
Because we may find p n th roots with good reduction over a fixed U , we have even
see the criterion given in Proposition 43 and the fact that lim
Examples of abelian varieties above the p th cyclotomic field k = Q(ζ p ) with respect to a regular prime p and which satisfy the constraints imposed by Bashmakov (including condition (v)) are given by the Jacobian of the Fermat curve X p + Y p = 1, see for example [AI82] . However, the natural second family of examples to consider, namely the Jacobian of the modular curve X 0 (p) for p = 11 or p ≥ 17, fail condition (v). Indeed 3 , no prime m of the Hecke algebra T above p is Eisenstein (those divide p − 1) and the corresponding representation ρ m : Gal Q → GL 2 (T/m) is irreducible by Mazur [Ma78] . Thus ρ m is surjective due to [Ri97] .
Our proof of the case p = 11 in Theorem 29 (1) depends on the following variant of Bashmakov's theorem.
Proposition 13. Let p be a regular prime number. Let k be a subfield of Q(ζ p ) and let A/k be an abelian variety with good reduction away from the prime above p.
and write by abuse of notation A/U for the smooth model of A/k over U . By Corollary 8 and the discussion above it suffices to show that H 2 ! (U, A p n ) = 0. But since Q(ζ p )/k is of order prime to p, restriction via the finite étale V = Spec(Z[ζ p , 1/p]) → U is injective and we have further by Neumann's Theorem, see [NSW08] Cor 10.4.8, as above
because p being a regular prime corresponds to π 1 (V ) pro−p being a free pro-p group. We conclude that H 1 (U, A) is a p-divisible group and therefore
5.2.
Divisibility by almost all primes. After [Ba64], Bashmakov turns his attention to more general abelian varieties A/k and gives a partial answer to his question, at least when p is large.
In [Ba72] §5, the treatment is said to be restricted to CM-abelian varieties, but is only carried out for elliptic curves.
Theorem 14 (Bashmakov [Ba72] Proposition 22).
Let k be an algebraic number field and let E/k be an elliptic curve. Then for almost all p we have
Bashmakov's main tool in the proof of Theorem 14 is provided by a result of Serre [Se79] that the image of Gal k acting on the full Tate module T E = ℓ T ℓ E contains an open subgroup of the diagonal torus. For an abelian variety instead of an elliptic curve but restricted to the ℓ-component this is due to Bogomolov. The bound for p such that Theorem 14 holds provided by Bashmakov's method depends on the index of this open subgroup in the diagonal torus. In the meantime, Serre has improved his result so that this approach now shows the following.
Theorem 15. Let k be an algebraic number field and let A/k be an abelian variety. Then for almost all p we have H
Our proof of Theorem 15 depends on the analysis done in Section §6 and Lemma 37 and is thus postponed until after Lemma 37.
When spelled out for a general abelian variety A/k, with X(A/k) p ∞ = (Q p /Z p ) dp ⊕ T (p) as in Section §2.1, Theorem 15 says that almost all p-primary components T (p) of the torsion group
. The conjectured finiteness of X(A/k) or even the weaker finiteness of T would immediately imply the conclusion with respect to X(A/k) of Theorem 15. Finiteness of X(A/k) is known for k = Q, and A is an elliptic curve of analytic rank ≤ 1.
Our aim is to identify conditions that a prime p must satisfy for the conclusion of Theorem 15 to hold, which are sufficient and as close as possible to being necessary. We do this in the case when A is an elliptic curve (see Theorem 20 and Theorem 34). In view of our results it is tempting to ask, whether the bound for p in Theorem 15 depends only on k and maybe dim(A) but not on the particular abelian variety A/k. Theorem 22 (2) provides such a uniform bound on p in terms of only the degree of k/Q in the case of elliptic curves.
6. By induction to p-divisibility 6.1. The induction setup. We fix an n ∈ N and pick for all m ≤ n a collection of local
such that for all v the following diagram is commutative and the rows are exact
The snake lemma applied to (6.1) yields that in the commutative diagram
the bottom row is exact. We shall write
such that for all v the diagram (6.1) is commutative and its rows are exact;
Proof: Under the above assumptions, we can apply the snake lemma to (6.2) and deduce that
is in fact exact. We conclude by induction on m stopping at n that
is trivial for all m ≤ n if one of the following holds:
and the desired result follows.
It seems difficult to set up an inductive argument to prove
we have the following corollary.
Proposition 17. Let A/k be an abelian variety, n ≥ 1 an integer, and Q n a finite set of finite places such that (i) A t p n has trivial local Galois action by Gal kv for all v ∈ Q n , and
Proof: By (i) the local condition "Selmer but trivial at Q n ", namely H
Sel
Qn , satisfies the first two requirement of Lemma 16, and with (ii) we deduce H
Qn (k, A t p m ) = 0 for all m ≤ n. Let V be a Zariski open of the curve X associated to k in the sense of Section §1.3.1, such that A/k has good reduction above V and all primes above p and all the elements of Q n lie outside of
The rest follows from the duality statement Corollary 6 and Corollary 8. 6.2. Galois reformulation. It remains the task to find conditions which ensure the existence of the set Q n that is needed in Proposition 17, i.e., a finite set Q n of finite places of k such that (1) Gal kv acts trivially on A t p n for all v ∈ Q n , and
, where U ⊂ X is a Zariski open set where A/k has good reduction and p is invertible. Then we have the following short exact seqeunce
where U 1 → U is the finite étale unramified cover of U associated to the kernel of ρ A t ,1 . The restriction map defines a canonical Gal k -equivariant pairing
Let π 1 (U 1 ) ab ⊗ F p ։ M be the finite quotient by the right kernel of the pairing. Then the restriction factors as
. The quotient M corresponds to a finite Galois extension L/k that is unramified over U and contains k 1 . More precisely M = Gal(L/k 1 ) and the action of G 1 (A t ) = Gal(k 1 /k) is essentially by conjugation.
Consider v ∈ U , v 1 a prime of k 1 above v, and denote by k v,1 the completion of k 1 at v 1 . Then the localization at v yields a commutative diagram
with the evaluation map ev v mapping a morphism ϕ : Gal(L/k 1 ) → A t p to its value ϕ(Frob v 1 ) at the Frobenius element of v. This observation implies immediately the following lemma.
Lemma 18. Let Q ⊂ U be a finite set of primes such that the Galois group Gal(L/k 1 ) is generated by Frob v 1 where v 1 varies through the primes of k 1 above primes v ∈ Q. Then H 1 Sel
Proposition 19. Let L/k be the Galois extension as above. Fix n ∈ N and let k n /k be the extension associated to the kernel of ρ A t ,n : Gal k → GL(A t p n ). If (i) L and k n are linearly disjoint over k 1 , and
Proof: By (i) we are able to choose a finite set Q of finite places in the locus of good reduction away from residue characteristic p, so that the Frobenius elements
From (2) we deduce by Lemma 18, that H 1 Sel
which vanishes by (ii). We conclude with Proposition 17.
Condition (i) of Proposition 19 can be guaranteed as follows. The group Gal(L/k 1 ) = M is abelian and its G 1 = G 1 (A t )-action is compatible with the inclusion
So the irreducible G 1 -modules which occur in M are among the G 1 -submodules of A t p with its tautological G 1 -action. On the other hand, the group Gal(k n /k 1 ) is a subgroup of
If L and k n are not linearly disjoint over k 1 , then there is an abelian quotient of Gal(k n /k 1 ) as a G 1 -module which is isomorphic to an irreducible factor of A t p as a G-module. The group ker GL(A t p n ) → GL(A t p ) is solvable with abelian subquotients ker GL(A t p m ) → GL(A t p m−1 ) that are canonically G 1 -modules and isomorphic to the adjoint representation of G 1 on End(A t p ). So condition (i) of Proposition 19 holds if for the F p -vector space V = A t p and the group G 1 ⊆ GL(V ) the two G 1 -modules V and End(V ) have no common G 1 -factor. We will discuss this purely group theoretic issue for the case of elliptic curves, i.e., the case GL 2 , in Section §7 below. The following theorem on p-divisibility follows at once.
Theorem 20. Let E/k be an elliptic curve and let p be a prime number. We assume that the following holds for G 1 (E) = im ρ E,1 : Gal k → GL(E p ) .
(1) The group G 1 (E) is not contained in a subgroup of GL(E p ) that is isomorphic to the symmetric group S 3 , in particular p > 2; and (2) If E p is a reducible G 1 (E)-module, then its semisimplification E ss p is not of the form (a) 1 ⊕ ǫ p with the mod p cyclotomic character ǫ p , or
Proof: Since the determinant of ρ E,1 is the cyclotomic character ǫ p , conditions (1) and (2) guarantee by Theorem 34 below that E p and End(E p ) have no common irreducible factor as G 1 (E)-modules, and that H 1 (G 1 (E), E p ) = 0. We deduce by the above that the extensions k n /k 1 and L/k 1 are linearly disjoint for every n ≥ 1. Proposition 19 concludes the proof.
6.3. Applications to elliptic curves over number fields. We first analyze the conditions asked by Theorem 20 in the case of elliptic curves over arbitrary number fields.
Corollary 21. Let k be a number field linearly disjoint from the cyclotomic extension of Q. Then for 'most' elliptic curves E/k, in particular for infinitely many of them, the group H 1 div (k, E) and in particular X(E/k) is p-divisible in H 1 (k, E) for all odd primes p.
Proof: Jones [Jo10] (for k = Q) and Zywina [Zy10] consider the set of elliptic curves
(
(i) The extension k(ζ p )/k has degree ≥ 3, and (ii) no elliptic curve E ′ which is k-isogenous to E has a k-rational p-torsion point, in particular if p > (1 + 3 d/2 ) 2 , and
Proof: (1) Since the determinant of ρ E,1 is the cyclotomic character ǫ p , property (i) shows that det(G 1 (E)) has order ≥ 3. This implies G 1 (E) is not contained in a subgroup of GL(E p ) that is isomorphic to the symmetric group S 3 (see Corollary 42). Hence, we are only concerned by the second condition of Theorem 20. Since (ii) implies that E ss p ∼ = 1 ⊕ ǫ p , it remains to verify that E ss p is not of the form χ ⊕ χ 2 for some character χ : Gal k → F * p such that χ 3 = ǫ p . We argue by contradiction. Note that the ramification at v ∤ 3p of a character χ that solves χ 3 = ǫ p is at most tame and of degree e v | 3. Let k ′ /k be an extension of degree e v depending on v with a place w | v of k ′ such that k ′ w /k v is totally tamely ramified of degree e v . In particular, the size N w of the residue field F w at w agrees with N v. It follows then from Abhyankar's Lemma and E ss p = χ ⊕ χ 2 that the inertia group I w ⊂ Gal k ′ acts unipotently on E p = T p (E)/p T p (E). Since a priori the action of inertia on T p (E) is quasi-unipotent, Lemma 23 below applies, and I w must even act unipotently. The criterion of semistable reduction [SGA7 I ] IX §3 Proposition 3.5 then shows that E/k has semistable reduction at w after scalar extension to k ′ .
If E/k has multiplicative reduction in w, then there is an unramified quadratic character
If δ = χ and δǫ p = χ 2 , then δ = χ = ǫ p and thus ǫ p (Frob w ) = ±1 ∈ F * p , which means p | N w ± 1 = N v ± 1.
If on the other hand δ = χ 2 and δǫ p = χ, then δ = χ 2 = ǫ 2 p and thus ǫ p (Frob
Finally, if E/k has good reduction in w, then E p is an unramified Gal k ′ w -module and
with a ∈ Z and |a| ≤ 2 √ N v due to the Hasse-Weil bound. An analysis of the function
Consequently, we find
which leads in the case of good reduction at w to
Therefore, (2) holds as a special case of (1).
Lemma 23. Let p be an odd prime number. Let ρ : G → GL 2 (Z p ) be a quasi-unipotent continuous representation of a pro-finite group G such that the mod p representation ρ :
Proof: Since we assume that G acts quasi-unipotently, there is an open normal subgroup G 0 ⊂ G such that ρ| G 0 is unipotent. If G 0 acts nontrivially, then it fixes a unique Z p -line, and ρ(G) lies in a Borel subgroup, namely the normalizer of the stabilizer of the line. Due to ρ being quasi-unipotent and ρ being unipotent, the corresponding diagonal characters map to a finite group of 1-units in Z * p and therefore are trivial. Hence the representation ρ is unipotent. If on the other hand ρ(G 0 ) = 1, then ρ(G) is a torsion subgroup of GL 2 (Z p ) and therefore isomorphic to its image in GL 2 (F p ) (see Lemma 9 in [So07] ). Since we may assume that ρ is nontrivial we conclude that ρ(G) ∼ = Z/pZ, and that we have a nontrivial M ∈ GL 2 (Q p ) with M p = 1. The characteristic polynomial of M is quadratic over Q p and its roots are nontrivial p th roots of unity. Hence the p th cyclotomic extension Q p (ζ p ) is at most quadratic over Q p , whence p ≤ 3.
Corollary 24. Let E/k be an elliptic curve defined over an algebraic number field k, and let p be a prime number. Then
under the following conditions:
(1) The extension k(ζ p )/k has degree ≥ 3, and (2) one of the following holds: (a) E p is irreducible as a Gal k -module, or (b) E has good reduction above a place v of k with norm N v = 3 and p > 11.
(c) no elliptic curve E ′ which is k-isogenous to E has a k-rational p-torsion point and 3 | p − 1 but the degree of Q(ζ p ) ∩ k over Q is prime to 3. 4 Merel's bound is p > 3 3d 2 , see [Me94] . The improvement due to Oesterlé from 1995 is unpublished. Moreover, Parent found a gap for d = 3 and p = 43, but was later able to repair the gap under an arithmetic assumption which was a consequence of the Birch and Swinnerton-Dyer conjecture. Fortunately, this assumption was later proved by Kato. For more information on the Oesterlé bound we refer to [Pa00] and [Pa03] . We thank J. Oesterlé for first hand information on his bound.
Proof of Corollary 24:
As in the proof of Theorem 22 we deduce from (1) that the first condition of Theorem 20 holds. Hence, we are only concerned by the second condition of Theorem 20. We therefore assume that E p is a reducible G 1 (E)-representation with semisimplification E ss p = χ 1 ⊕ χ 2 . Under the assumption (a) we are done. Otherwise, in order to satisfy the second condition of Theorem 20 we have to exclude the following two cases:
We distinguish the two cases and argue similarly to the proof of Theorem 22.
We finally exploit assumption (b), so that N v = 3 and |a| ≤ 3. The constraints in the two cases now are (A) p divides one of 4 − a ∈ {1, 2, 3, 4, 5, 6, 7}, (B) p divides one of 12 + 9a − a 3 ∈ {12, 2, 4, 12, 20, 22, 12}. All in all, if p > 11, none of the cases (A) or (B) can occur, and thus E/k satisfies the assumptions of Theorem 20 for p.
For an elliptic curve E/k and a character τ : Gal k → {±1} ⊆ Aut(E) we denote by E τ the quadratic twist of E by τ . The p-torsion of the twist E τ is given by (E τ ) p = E p ⊗ τ as a Gal k -module.
Corollary 26. Let k be a number field and let E/k be an elliptic curve.
(1) Let p ≥ 3 be a fixed prime number. Then among the quadratic twists of E there are at most 3 twists E τ such that
Proof: (1) We verify the conditions of Theorem 20 for almost all quadratic twists. Since twisting is transitive, we may first assume that G 1 (E) is isomorphic to one of the groups (a) 1,
, since a transposition in S 3 cannot be central in GL(E p ). Consequently, every nontrivial twist E τ satisfies condition (1) of Theorem 20, which means that in general, at most one of the twists of E/k can fail condition (1) of Theorem 20.
Secondly, we assume that E p is reducible and that condition (2) of Theorem 20 fails. If a nontrivial twist E τ also fails condition (2), then twisting by τ either preserves 1 ⊕ ǫ p or χ ⊕ χ 2 with χ 3 = ǫ p , or it transforms one to the other. In any case, the character τ = 1 is one of the following list
p . In any case τ = ǫ p or ǫ 2 p which cannot both be nontrivial quadratic characters. Hence, condition (2) of Theorem 20 can in general only fail for at most 2 twists of E/k.
(2) Due to (1) it suffices to show that for p ≫ 3 and all quadratic twists E τ /k the group
.5 the image G 1 (E) contains a full (split or non-split) torus C ⊂ GL(E p ) for p ≫ 3. In both cases G 1 (E) contains the group of diagonal matrices ∼ = F * p and continues to contain at least the squares ∼ = (F * p ) 2 = 1 after twisting. Lemma 37 then provides that the conditions of Theorem 20 are satisfied for all quadratic twists of E.
Corollary 27. Let k be a number field. For every j ∈ k there is an elliptic curve E/k with j-invariant j such that H 1 div (k, E) and therefore X(E/k) is p-divisible in H 1 (k, E) for all odd primes p.
Proof: Quadratic twists share the same j-invariant, and Corollary 26.
Remark 28. Corollary 27 would be automatic for boring reasons if among the quadratic twists of a given E/k we could find a curve E τ with X(E τ /k) = 0 or at least of order a power of 2.
6.4. Applications to elliptic curves over Q. Now we attempt to find optimal results in the case of k = Q.
Theorem 29. Let E/Q be an elliptic curve defined over the rationals. Then the following holds.
(1) H 1 div (Q, E) and therefore X(E/Q) is p-divisible in H 1 (Q, E) for all primes p > 7. (2) Let p be an odd prime number such that H 1 div (Q, E) is not p-divisible in H 1 (Q, E). Then we have one of the following cases. (a) p = 3 and E ss 3 = 1 ⊕ ǫ 3 , (b) p = 5 and E ss 5 = 1 ⊕ ǫ 5 , or E ss 5 = ǫ 3 5 ⊕ ǫ 2 5 , (c) p = 7 and E ss 7 = 1 ⊕ ǫ 7 . In particular, in all the above cases the inertia group I v ⊂ Gal Q for a place v ∤ p acts through a p-group on T p (E). Moreover, in case (b) and (c) the curve E has semistable reduction outside of p.
for all odd primes p where E has supersingular or non-split multiplicative reduction at p.
Proof: (1) The first condition of Corollary 24 is automatic for k = Q and p > 3. Hence, for p > 3 we are only concerned by the second condition of Corollary 24 or of Theorem 20. For this part we will start by using Corollary 24 and its proof. Due to Mazur [Ma78] Theorem 8, condition (c) of Corollary 24 holds for k = Q and p ≥ 13 such that 3 | (p − 1).
For p > 13 such that 3 ∤ (p − 1), it remains to discuss whether E has good reduction at 3. If the elliptic curve E has a rational subgroup of order p > 13, by Proposition 1 in [Se79] we have that E/Q has potentially good reduction above all primes = 2, p. Furthermore, since if condition (2) of Theorem 20 fails the action on the semisimplification E ss p factors through ǫ p , Proposition 3 in [Se79] shows that our E/Q has in fact good reduction at all primes = 2, p. In particular E has good reduction at 3 and so case (b) of Corollary 24 applies and settles the case p > 13.
We will now consider the case p = 11. By work of Mazur (see Theorem 2 in [Ma78]) we know that E(Q) 11 is trivial and hence all we need to prove is that E ss 11 is not of the form χ ⊕ χ 2 for a character χ : Gal k → F * 11 such that χ 3 = ǫ 11 . Observe that χ 3 = ǫ 11 implies that χ = ǫ ⊗7 11 . We know that elliptic curves such that E 11 is reducible correspond up to quadratic twist to non-cuspidal rational points 5 of X 0 (11) of which there are 3 (see [BK75] page 79). These three rational points correspond up to quadratic twist to the following three elliptic curves E/Q of conductor 121 (the code is as in Cremona's list [Cr97] with the label from [BK75] These elliptic curves E/Q have good reduction outside 11. By reducing the affine equation of the respective elliptic curve modulo 2 and counting |E(F 2 )| we compute tr(Frob 2 | T 11 (E)) = 2 + 1 − |E(F 2 )| recorded in the table above. On the other hand, since E 11 is reducible and unramified away from 11 class field theory tells us that E ss 11 ∼ = ǫ a 11 ⊕ ǫ b 11 for some a, b ∈ Z/10Z with a + b ≡ 1 mod 10. To complete the above table we determine the pair (a, b) by comparing tr(Frob 2 | T 11 (E)) with 2 a + 2 b mod 11 as follows.
(a, b) (0, 11) (1, 10) (2, 9) (3, 8) (4, 7) (5, 6) 2 a + 2 b mod 11
If a quadratic twist E τ /Q has E τ,ss
∼ = E ss 11 ⊗ τ , then τ must be a power of ǫ 11 , namely τ = 1 or τ = ǫ ⊗5 11 , and so this does not occur for τ = ǫ ⊗5 11 in view of the above determined structure of E ss 11 in the three cases. Consequently, in the case of p = 11 we are left with exactly two potential exceptions, the two 11-isogenous non-CM curves labeled 121-C1(F) and 121-C2(G). For these two curves only, the criterion of Theorem 20 does not apply. Let E be one of the elliptic curves labeled 121-C1(F) or 121-C2(G). Since E has good reduction outside the regular prime p = 11, and since the Galois action on E ss 11 factors over ǫ 11 we deduce from Proposition 13 with k = Q that our potential exceptions obey the theorem as well.
(2) The list follows immediately from Theorem 20 and the analysis of its conditions in the proof of part (1). Note that χ 3 = ǫ 7 has no solution.
We concude that for v ∤ p the inertia group I v acts unipotently on E p = T p (E)/p T p (E). The action of I v on T p (E) is a priori quasi-unipotent, so that Lemma 23 applies and the action is in fact unipotent for p = 5 or p = 7. We conclude by the criterion for semistable reduction applies, see [SGA7 I ] IX §3 Proposition 3.5.
(3) We now consider the case when E has either supersingular or non-split multiplicative reduction at p. In this case the second condition of Theorem 20 holds because (i) if E has supersingular reduction at p then ρ E,1 is irreducible (see Proposition 2.11 in [DDT97] ); and (ii) if E has non-split multiplicative reduction at p, we have that E ss p | Gal Qp = δ ⊕ δǫ p where δ is the unique unramified quadratic character of Gal Qp (see Proposition 2.12 in [DDT97] ). It remains to verify the first condition of Theorem 20 for p = 3. We argue by contradiction and assume that the image of Gal Q in GL(E 3 ) is contained in a subgroup isomorphic to S 3 . Then the proof of Lemma 41 shows that E 3 is reducible with semisimplification E ss 3 = 1 ⊕ ǫ 3 and we are back in the case of the second condition of Theorem 20 that we already dealt with.
Corollary 30. Among the quadratic twists E τ /Q of an elliptic curve E/Q we find at most one odd prime number p = 3, 5 or 7 and at most (a) 2 twists for p = 3, (b) 2 twists for p = 5,
In case (b) and (c) such a twist has semistable reduction at all ℓ = p. In particular, for all but at most 2 of the quadratic twists of E/Q we have that H 1 div (Q, E τ ) and therefore X(E τ /Q) is p-divisible in H 1 (Q, E τ ) for all odd prime numbers p.
Proof: The proof is straight forward following the proof of part (1) of Corollary 26 together with the knowledge of the precise structure of bad pairs (E, p) for k = Q from Theorem 29 (2). It remains to exclude that among the twists of a given E/Q more than one of the cases (a)-(c) can occur. Cases (b) and (c) cannot both among the twists for a fixed E/Q since no elliptic curve has rational isogeny of degree 35 by [Ke82] Theorem 1.
We argue by contradiction. Let us assume that the primes 3 and p ∈ {5, 7} occur as bad primes among the twists of E/Q. Note that for the prime p = 5 the two possible bad semisimplifications are twists of each other by ǫ 2 5 . Therefore, after twisting, we may assume that E ss p = 1 ⊕ ǫ p and that there is a quadratic character τ with E τ,ss 3 = 1 ⊕ ǫ 3 . It follows from Lemma 23 that an inertia group I ℓ ⊂ Gal Q for ℓ = 3 acts on T 3 (E τ )
(1) either unipotently and E τ has semistable reduction at ℓ, (2) or via a finite 3-group and E τ has potentially good reduction at ℓ, more precisely with the image of inertia Φ ℓ ∼ = Z/3Z. In the potentially good reduction case and for ℓ = p we find the same image Φ ℓ in GL(E τ p ), namely as the image of inertia in the geometric automorphism group of the special fibre of the potential good reduction of E τ . From E τ,ss p = τ ⊕ τ ǫ p we conclude that the mod p representation E τ p does not allow I ℓ to act via a 3-group. Thus E τ /Q is in fact semistable at ℓ. Consequently, the Galois module structure of E τ,ss p now implies that τ must be unramified outside 3p. If τ ramifies at p, then E τ,ss p = τ ⊕ τ ǫ p forbids semistable reduction at p for E τ , whence E τ,ss 3 = 1⊕ ǫ 3 shows that E τ has potentially good reduction at p. More precisely, good reduction at p occurs after a Galois extension k/Q with ramification degree 3 above p (for example the extension k = Q(E τ 3 ) works). But then E τ,ss p = τ ⊕ τ ǫ p still forbids good ordinary reduction. In case of supersingular reduction, the image of inertia I k,p = I p ∩ Gal k at p (after the extension) is contained in the intersection of a non-split torus in GL(E p ) with the split torus associated to the decomposition E τ,ss p = τ ⊕ τ ǫ p . This intersection is contained in the central diagonal torus, and therefore τ and τ ǫ p agree on I k,p . This leads to ǫ p (I k,p ) = 1 in contradiction to ǫ p (I p ) = F * p and | I p / I k,p | = 3.
It follows that τ must be unramified outside 3, and then τ = ǫ 3 or τ = 1 so that in any case E ss 3 = (1 ⊕ ǫ 3 ) ⊗ τ = ǫ 3 ⊕ 1. Hence, there is an elliptic curve E ′ /Q with a Q-rational point of order 3p that is Q-isogenous to E. This contradicts Mazur's list [Ma78] Theorem 8 of possible orders of rational torsion points.
Remark 31. (1) It is interesting to note that the difficult odd prime numbers with respect to showing p-divisibility for elliptic curves E over Q are exactly the odd Mazur primes numbers, i.e., those prime numbers for which E may contain Q-rational p-torsion elements. To some extent this is a consequence of our method, but it is tempting to look for a deeper connection.
(2) In this respect it is amusing that in order to produce p-torsion in X(E τ /Q) for quadratic twists of E/Q, a frequent assumption requires E to have a Q-rational p-torsion point. For example, in [BO03] Theorem 2 Balog and Ono show that if p = 3, 5 or 7 such that E is good 6 with respect to p and has a Q-rational p-torsion point, then with τ d ranging over quadratic characters of fundamental discriminant d, and E d = E τ d , we have an asymptotic lower bound
as x goes to infinity. In particular, an assumption that we like to avoid, namely having rational ptorsion, actually helps us to show that our p-divisibility result Corollary 30 is nontrivial because the Tate-Shafarevich group in question actually sometimes has nontrivial p-torsion.
(3) Matsuno in [Ma07] Theorem 5.1 shows that dim Fp X(E/Q) p is unbounded for p = 2, 3, 5, 7 or 13 among all elliptic curves E/Q. More precisely, this result also searches for p-torsion elements in the Tate-Shafarevich group among quadratic twists of a given elliptic curve with a reducible mod p representation. The list of primes is exactly the list of primes p such that the modular curve X 0 (p) is rational.
Corollary 32. Let E/Q be an elliptic curve which does not have a rational 4-cyclic subgroup. Then among the quadratic twists of E there are infinitely many E ′ /Q with X(E ′ /Q) divisible in H 1 (Q, E ′ ).
Proof: Observe that if E has a 4-cyclic subgroup defined over Q then it has a 2-cyclic subgroup defined over Q, and thus a nontrivial Q-rational 2-torsion point and #E 2 (Q) ≥ 2. Hence we have to consider the following three cases.
(1) E 2 (Q) = 0: by Theorem 1.4 of Mazur and Rubin [MR10] we know that E has infinitely many twists E ′ such that H 1 Sel (Q, E ′ 2 ) is trivial and consequently so is X(E ′ /Q) 2 . (2) E 2 (Q) ≃ Z/2Z and E has no 4-cyclic subgroup defined over Q:
(a) if E has no 4-cyclic subgroup defined over Q(E 2 ) then E has infinitely many twists E ′ such that the Z/2Z-rank of H 1 Sel (Q, E ′ 2 ) equals 1 (see Theorem 1.3 of Klagsbrun [Kl11] ); (b) if E has a 4-cyclic subgroup defined over Q(E 2 ) then since elliptic curves over Q do not have constant 2-Selmer parity [MR10] , by Theorem 1.5 of Klagsbrun [Kl11] we have that E has infinitely many twists E ′ such that the Z/2Z-rank of
Consequently, E has infinitely many quadratic twists E ′ such that X(E ′ /Q) 2 is trivial. (3) E 2 (Q) ≃ (Z/2Z) 2 and E has no 4-cyclic subgroup defined over Q: by work of HeathBrown [HB94] , Swinnerton-Dyer [SD08] and Kane [Ka10] (see Theorem 2), we know that E has infinitely many twists E ′ such that the Z/2Z-rank of H 1 Sel (Q, E ′ 2 ) equals 2 and hence X(E ′ /Q) 2 is trivial. Then by Corollary 30 for an infinite subset of these twists E ′ , in fact all but at most 2, we have that X(E ′ /Q) is p-divisible in H 1 (Q, E ′ ) for all primes p.
Corollary 33. Let E/Q be an elliptic curve with Q-rational 2-torsion, i.e., an elliptic curve in twisted Legendre form
Proof: A quadratic twist of E/Q still has Q-rational 2-torsion. By Mazur [Ma78] Theorem 8, the only Q-rational torsion of odd order that can occur for E is of order 3. Hence the cases (b) and (c) of Theorem 29 (2) cannot occur. Note that upon twisting by the quadratic ǫ 2 5 we interchange the two cases in (b).
Finite subgroups of GL 2
The purpose of this section is to provide the following classification statement from the realm of finite group theory.
Theorem 34. Let V be a vector space over F p of dimension 2. For a subgroup G ⊆ GL(V ) the following are equivalent.
(1) (i) V and End(V ) have no common irreducible factor as G-modules, and
The group G is not contained in a subgroup of GL(V ) that is isomorphic to the symmetric group S 3 , in particular p > 2, and (ii) If V is a reducible G-module, namely an extension
for characters χ i : G → F * p , then we require that χ 1 = 1, χ 2 2 and χ 2 = 1, χ 2 1 . The proof of Theorem 34 requires some preparation. We first recall the well known classification of subgroups of GL 2 (F p ), see §2 of [Se72] .
Proposition 35. Let G be a subgroup of GL 2 (F p ) and let G be the image under the natural map GL 2 (F p ) → PGL 2 (F p ). Then one of the following holds.
(1) p | #G and G is contained in a Borel B ⊂ GL 2 (F p ).
(2) p | #G and G contains SL 2 (F p ).
(3) p ∤ #G and G is contained in a normalizer of a split torus.
(4) p ∤ #G and G is contained in a normalizer of a non-split torus.
(5) p ∤ #G and G is isomorphic to A 4 , S 4 , or A 5 .
We proceed by computing the relevant cohomology.
Computation of cohomology.
induced by a choice of basis for V to the standard p-Sylow subgroup
The normalizer N of P in GL(V ) is mapped to the standard Borel subgroup
The two characters χ i : N → F * p defined by the isomorphism N ∼ = B and χ i (
The diagonal torus T ⊂ B corresponds to a subgroup S ⊂ N such that N = P ⋊ S with S acting on P through the character χ 1 /χ 2 : S ⊂ N → F * p = Aut(P ). For a subgroup G ⊂ GL(V ) with p | #G, up to conjugation, we may assume that P ⊂ G and determine the normalizer N G (P ) of P in G as N ∩ G. The extension (7.2) restricts to an exact sequence as N -modules in which by abuse of notation we write χ i = χ i | N G (P ) . As before, the semi-direct product structure N G (P ) = P ⋊ (S ∩ G) has S ∩ G ∼ = N G (P )/P acting on P via the character χ 1 /χ 2 .
In particular, then H 1 (G, V ) = 0 except possibly if χ 1 = χ 2 2 . Proof: (1) is clear and only recalled for completeness. For (2), as the index of N G (P ) in G is prime to p we have
Since the index of P in G is prime to p, we find
and it remains to show that the map H 1 (P, V ) → H 1 (P, χ 2 ) = Hom(P, χ 2 ) is injective. We consider the long exact cohomology sequence for the extension (7.2). Since H 0 (P, χ 1 ) = H 0 (P, V ), the connecting map
is an isomorphism, and the map H 1 (P, V ) → H 1 (P, χ 2 ) is indeed injective.
7.2. When there are are homotheties. The center of GL(V ) is the group Z ∼ = F * p of scalar automorphisms. We fromulate a more general lemma, because our proof of Theorem 15 depends on it.
Lemma 37. Let W be a finite dimensional F p -vector space, and let G ⊂ GL(W ) be a subgroup which intersects the center F * p ∼ = Z ⊂ GL(W ) nontrivially. Then the following holds.
(1) W and the adjoint representation End(W ) have no common irreducible factor.
Proof: (1) The group H = G ∩ Z of homotheties in G acts trivially on every irreducible factor of End(W ) and faithfully on every irreducible factor of W . Hence none of them can occur in both W and End(W ).
(2) The inflation/restriction sequence for H ⊳ G reads
Since H was assumed nontrivial and is necessarily of order prime to p, both W H and H 1 (H, W ) vanish, and consequently also H 1 (G, W ) = 0.
Proof of Theorem 15:
We use the notation of the theorem. Let ρ A t ,p : Gal k → GL(T p A t ) be the Galois representation on the p-adic Tate module of the dual abelian variety A t . Then Serre, [Se86] §2, has shown that there is an integer N ≥ 1 independent of p such that ρ A t ,p (Gal k ) contains the diagonal N th powers (Z * p ) N . Thus, for p > N + 1, the image G = G 1,p (A t ) of the mod p representation ρ A t ,p : Gal k → GL(A t p ) meets the center of GL(A t p ) nontrivially. By Lemma 37 we find that for p > N + 1 the modules A t p and End(A t p ) have no common irreducible factor and also H 1 (G, A t p ) = 0. We conclude the proof by Proposition 19 and the discussion after its proof.
Lemma 38. Let G be a subgroup of GL 2 (F p ) such that (5) of Proposition 35 holds. Then G meets the center Z of GL 2 (F p ) nontrivially.
Proof: It suffices to discuss the case G = A 4 . If G∩Z = 1, then we have a copy A 4 ⊆ GL 2 (F p ), in particular p > 2. The 2-Sylow subgroup of A 4 is the Klein 4-group V 4 = Z/2Z × Z/2Z has a completely reducible representation theory already rationally over F p as we may produce enough projectors already rationally over F p . Hence V 4 is contained in a split torus C = F * p × F * p and must agree with the 2-torsion of C. Thus V 4 already contains the central element −1 ∈ F * p ∼ = Z, a contradiction.
7.3. The adjoint representation.
preserves the decomposition End(V ) = V ⊕V ·F ; it acts on V through the quotient
and on V · F through the endomorphism
which maps F to F and λ ∈ F p [α] * to λ/F (λ), followed by the tautological action on V identified with V · F by formally multiplying with F .
Proof: It suffices to compute the action g.x for g = λ ∈ F p [α] * and g = F on the constituents of the decomposition We next address the special case where G ∼ = S 3 .
Lemma 41. If G ∼ = S 3 , then V and End(V ) have a common irreducible factor.
Proof: We discuss the cases p = 2, p = 3 and p ∤ #G separately. The case p = 2. Here a good model is V = F 4 and G = GL 2 (F 2 ) acts as F * 4 ⋊ Gal(F 4 /F 2 ). As in Lemma 39 we denote the generator of Gal(F 4 /F 2 ) in GL(V ) by F . By Lemma 39 the map V → V · F which maps x → F (x) · F is an isomorphism of V onto a direct summand of End(V ). Indeed, for λ ∈ F * 4 we find
while the compatibility with F is obvious. The case p = 3. Here the 3-cycle of G = S 3 must act after choosing a suitable basis as 1 1 0 1 . Therefore G is contained in the standard Borel. As S 3 is not abelian, the two characters χ : G → F * 3 by projecting to a diagonal entry must be distinct. Hence one is trivial and the other one is the sign character. By Lemma 40 the trivial character also occurs in End(V ).
The case p ∤ #G. By representation theory prime to p there is a unique faithful representation of dimension 2 of G = S 3 over F p . Namely, the 3-cycle lies in a torus C, either as
in the split torus if 3 | p − 1, and as the 3-torsion of a nonsplit torus if 3 | p + 1. With the notation of Lemma 39, a transposition agrees with the generator F of a spliting N/C → N for the normalizer N of the torus. The action on V · F ⊂ End(V ) is also faithful by the formula from Lemma 39 as otherwise F would fix the 3-cycle and G = S 3 would be commutative, a contradiction. The uniqueness of a faithful 2-dimensional representation for S 3 thus shows that
Corollary 42. The determinant of the unique faithful 2-dimensional S 3 representation V over F p is the mod p sign character sign : S 3 → {±1} ⊆ F * p . Proof: This follows from the discussion of this representation in the proof or Lemma 41. Alternatively, we can remark that the representation V is already defined over Z as the kernel V Z of the natural map sum : ind 7.4. The proof of Theorem 34. By Lemma 41, both properties (1) and (2) fail if G is contained in a subgroup of GL(V ) that is isomorphic to S 3 . We thus may assume (i) of (2), and in particular that p ≥ 3, since GL 2 (F 2 ) ∼ = S 3 .
The case V reducible. Let V as a G-module be an extension of the character χ 2 by the character χ 1 . By Lemma 40, the irreducible factors of End(V ) as a G-module are χ 1 ⊗ χ −1 2 , 1, and χ 2 ⊗ χ −1 1 . So (i) of (1) holds if and only if χ 1 = 1, χ 2 2 and χ 2 = 1, χ 2 1 , which is exactly what (ii) of (2) asks for. Moreover, Lemma 36 shows that (ii) of (1) follows from (ii) of (2).
The case V irreducible. Let p | #G. As G is not contained in a Borel, we conclude by Proposition 35 that G contains SL 2 (F p ). Now as p ≥ 3 the group G necessarily meets the center of GL(V ) nontrivially, so that (1) holds by Lemma 37.
If p ∤ #G and the image of G in PGL 2 (F p ) is one of the exceptional cases A 4 , S 4 or A 5 , namely in case (5) of Proposition 35, then Lemma 38 and Lemma 37 show that (1) holds.
It remains to show (1) in the case that p ∤ #G and G is contained in the normalizer N = C ⋊ Z/2Z of a torus C ⊂ GL 2 (F p ) and V is an irreducible G-module. Part (ii) of (1) holds trivially. Lemma 39 now tells us about the action of G on End(V ). Let H = G ∩ C be the intersection with the torus, hence a subgroup in G of index ≤ 2. Because V is not a reducible G-module and p ≥ 3 we have #G ≥ 3 and therefore H = 1.
If (1) part (i) fails, then in the decomposition End(V ) = V ⊕ V · F we must have V ∼ = V · F , because H acts trivial on the first summand V ⊂ End(V ). The representation V ⊗F p 2 regarded as an H-module decomposes as a sum of characters χ 1 ⊕χ 2 of H. The representation V ·F ⊂ End(V ) decomposes after scalar extension to F p 2 as H-module as χ 1 χ −1 2 ⊕ χ 2 χ −1
1 . Comparing the two, we find either χ 1 = 1 = χ 2 , whence H = 1 contradicting the irreduciblity of V as a G-module. Or, χ 1 = χ 2 2 = 1 and χ 2 = χ 2 1 = 1 which means χ 1 and χ 2 are of order 3 and determine each other. In this case H ∼ = Z/3Z and acts on V noncentrally and without a common fixed vector. In any case, split or non-split, the subgroup H ⊂ C is normal but not central in N . Hence either H = G and G can be embedded in a subgroup of GL(V ), or H ⊳ G of index 2 and G ∼ = S 3 itself. In any case, this violates (i) of (2) and was excluded in the beginning of the proof. This completes the proof of Theorem 34.
Intersection with the maximal divisible subgroup
We are ultimately interested in understanding the intersection of X(A/k) with the maximal divisible subgroup of the Weil-Châtelet group Div H 1 (k, A) and as before we proceed by analyzing one prime at a time.
8.1. Using continuous cohomology.
Proposition 43. Let A/k be an abelian variety with good reduction over U and p a prime number invertible on U . There is a short exact sequence
which controls, whether a class α ∈ H 1 div (k, A) p ∞ belongs to the maximal divisible subgroup of H 1 (U, A).
Proof: For (8.1) we argue as before for (4.1) but with the sequence of pro-N-systems
where T p (A) = (A p n ) with multiplication by p as transition maps, (A, p·) is the system of A in each level and multiplication by p as transition maps and A = (A, id) is the constant pro-system. Continuous étale cohomology in the sense of Jannsen [Ja88] yields an exact sequence A) ) and by naturality of δ that δ(H 
and together with the analysis in Section §2.3 gives us another way of exploring the intersection of X(A/k) p ∞ with Div H 1 (k, A) p ∞ . We will follow this path first for a general abelian variety and then in the case of elliptic curves.
Lemma 44. Let A/k be an abelian variety, and let p be a rational prime. If
for almost all n implies that A t and therefore also A have trivial algebraic rank.
Proof of Lemma 44: By assumption, the sequence (2.4) leads for n ≫ 0 to the exact sequence
Local Tate duality implies that we have the following group isomorphism
where d = [k : Q] · dim(A) and the order of p|p A(k p ) p ∞ /p n is independent of n for n ≫ 0. In the limit for n → ∞ the exact sequence (8.4) becomes the exact sequence
and local Tate duality implies an isomorphism
is an exact sequence of Z/p n Zmodules, the set S n of partial splittings s n :
is finite and non-empty. Restriction defines a map S n+1 → S n , and a well-known compactness argument shows that lim ← −n S n is non-empty. An element s of the projective limit is nothing but a partial splitting
). We conclude that also the sequence
is split exact. Moreover, if we map to H 1 (k, A) p ∞ , then we find an exact sequence
and again exploiting the partial splitting s we find that also
The corank of a p-primary torsion group M = (Q p /Z p ) n × M 0 with finite M 0 , is the welldefined number n = corank Zp (M ).
Proposition 46. Let A/k be an abelian variety with algebraic rank
Proof: We can focus on the p-primary part for a prime number p and have to compute the corank of Div(
. These coranks are constant on isogeny classes, in particular they are the same for the dual A t . Analyzing the asymptotic cardinality for n ≫ 0 in (2.4) we obtain s p − s p = (s p − s) + (s − s p ) = d. Using the exact sequence
which is ≥ d − r and proves the proposition.
8.3. Results for elliptic curves over Q.
Proposition 47. Let E/Q be an elliptic curve of trivial algebraic rank. Then we have:
(1) Div H 1 (Q, E) contains a copy of Q/Z and in particular is nontrivial. (2) If X(E/Q) is finite, then Div H 1 (Q, E) ∼ = Q/Z and
(1) This is a special case of Proposition 46.
(2) Fusing together the exact sequences (1.2) for all p we obtain
which is exact since X(E/Q) was assumed finite and there is a copy of Q/Z in H 1 div (Q, E) by (1). The result follows at once.
Proposition 48. Let E/Q be an elliptic curve of trivial analytic rank. Then we have:
(1) The intersection X(E/Q) p ∞ with Div H 1 (Q, E) p ∞ is trivial for all odd primes p such that the Gal Q -representation on E p is irreducible.
(2) Div H 1 (Q, E) ∼ = Q/Z and the sum
Remark 49.
(1) Observe that the Gal Q -representation on E p is irreducible for all p = 2, 3, 5, 7, 11, 13, 17, 19, 37, 43, 67, 163 and for all p > 7 if E is semistable (see [Ma78] ).
(2) We refer to the example in Section §8.4 for an elliptic curve E/Q of trivial analytic rank with nontrivial 3-torsion in X(E/Q) ∩ Div(H 1 (Q, E)).
Proof: Since the analytic rank of E/Q is trivial we know that X(E/Q) is finite (see [Ko90] ), and hence (2) follows from (1) and Proposition 47.
We choose a quadratic imaginary extension K = Q( √ −d) (distinct from the field of complex multiplication of E in case E has CM) such that d ≥ 5, E/K has analytic rank 1, and all the primes dividing the conductor of E/Q split while p is inert in K/Q. Friedberg and Hoffstein have shown that such an extension Q[ √ −d] exists (see [FH95] ). We now fix n ∈ N large enough so that (i) p n−1 X(E/K) p ∞ = 0 (this is possible since we know that X(E/K) is finite), (ii) p n does not divide the basic Heegner point defined over K (which is possible due to the nontriviality of this Heegner point since the analytic rank of E/K is 1). The irreducibility of E p implies the the conditions of Proposition 19, i.e.
(i) L and k n are linearly disjoint over k 1 and
hold for E (see Theorems 34 and 29) as well as
This together with the irreducibility of E p allows us to find a finite set of rational primes Q such that for all q ∈ Q (i) E has good reduction at q,
where t = #Q. Hence, as in Theorem 1.1.7 of [ÇW08] , we know that we can construct X(E/K) p ∞ by constructing 2t − 1 independent ramified classes in Applying compactly supported cohomology to (8.11) we find the compact Bockstein
which is adjoint to β with respect to Artin-Verdier duality sponsored by the Weil pairing. Moreover, the forget support maps f 1 and f 2 are also adjoints. We can thus compute
due to anti-symmetry of the Weil-pairing, so that indeed f 1 (s), s WB = 0.
Remark 53. The proof of Proposition 52 given above can be used to identify the pairing −, − WB with the restriction of the Cassels-Tate pairing on X(E/Q) in the form of the "Weil-pairing definition" of Poonen and Stoll [PS99] §12.2.
Question 54. Is X(E/Q), and consequently
9. Connection to the section conjecture of anabelian geometry 9.1. The section conjecture. Let X/k be a geometrically connected variety, let X = X × k k alg be the base change of X to k alg , and letx ∈ X be a geometric point compatible with k alg . The étale fundamental group π 1 (X,x) with base pointx is an extension, see [SGA1] IX Theorem 6.1,
where π 1 (X, x) is the geometric fundamental group of X with base point x. In the sequel, we denote the extension (9.1) by π 1 (X/k). To a rational point a ∈ X(k) the functoriality of π 1 for pointed spaces gives rise to a continuous homomorphism
whereā is a geometric point of X above a compatible with k alg . An étale path γ fromā tox on X defines an isomorphism γ(−)γ −1 : π 1 (X,ā)
that is compatible with the projection pr * to Gal k . The composition γ(−)γ −1 • s a defines a splitting/section of (9.1). Changing the étale path γ on X varies the section over a π 1 (X,x)-conjugacy class of splittings/sections, so that the conjugacy class itself, denoted by [s a ], depends only on a ∈ X(k). We denote the set of π 1 (X,x)-conjugacy classes of sections of π 1 (X/k) by S π 1 (X/k) = {s : Gal k → π 1 (X,x) ; pr * •s = id Gal k } / π 1 (X ,x)-conjugacy .
The well defined map a → [s a ] is the pro-finite Kummer map κ : X(k) → S π 1 (X/k) (9.
2)
The section conjecture of Grothendieck gives a conjectural description of the set of all the sections in an arithmetic situation as follows.
Conjecture 55 (Grothendieck [Gr83] ). Let X be a smooth, projective and geometrically connected curve of genus ≥ 2 over an algebraic number field k. Then the pro-finite Kummer map a → [s a ] is a bijection from the set of rational points X(k) onto the set S π 1 (X/k) of π 1 (X,x)-conjugacy classes of sections of π 1 (X/k).
We define a class of geometrically connected varieties over k to be weakly anabelian (with respect to rational points) if for X/k in the class π 1 (X/k) splits if and only if X(k) is nonempty. (2) The section conjecture in particular predicts that the class of geometrically connected smooth projective curves of genus ≥ 2 is weakly anabelian. Conversely, it is well known that if this class is weakly anabelian, then Conjecture 55 holds, see [Sx11a] §12.2 for a survey.
(3) For an abelian variety A/k we have a natural identification S π 1 (A/k) = H 1 (k, T(A)) under which the pro-finite Kummer map κ : A(k) → S π 1 (A/k) becomes the boundary map δ kum : A(k) → H 1 (k, T(A)) of continuous cohomology à la Jannsen of the continuous Kummer sequence (8.2).
9.2. Kummer theory. A smooth projective geometrically connected variety X/k admits a universal map α X : X → Alb 1 X into torsors under abelian varieties, an arithmetic form of the Albanese map, see [Wi08] . Indeed W = Alb 1 X is a torsor under the Albanese variety A = Alb X of X. On geometric fundamental groups we have π 1 (A) = π ab 1 (X)/tors, see [Sx11a] Proposition 48. The natural map of extensions α X, * : π 1 (X/k) → π 1 (W/k) defines a map s → s ab on spaces of sections S π 1 (X/k) → S π 1 (W/k) . An abelian approximation on Conjecture 55 asks whether a section s of π 1 (X/k) forces W to have a rational point, i.e., whether the class [W ] ∈ H 1 (k, A) must be trivial. Replacing X by W we can reformulate this question as asking whether principal homogeneous spaces under abelian varieties over k form a weakly anabelian class. Since π 1 (W ) = π 1 (A) = T(A) as Gal kmodules, see [Sx11a] §19.2, we can identify the class of the extension π 1 (W/k) with an element [π 1 (W/k)] ∈ H 2 (k, T(A)) for continuous cohomology à la Jannsen. The computation of the boundary map δ kum for the pro-finite Kummer sequence (8. However, the conditions in Proposition 58 contradict each other.
Theorem 59. There is no abelian variety A/k over an algebraic number field k such that the pro-finite Kummer map is bijective.
Proof: If A/k has a bijective pro-finite Kummer map, then by Proposition 58 simultaneously A(k) is finite and Div(H 1 (k, A)) = 0. This contradicts Proposition 46. k, A) ) describes principal homogeneous spaces W such that for every n ∈ N there is an open subgroup H n ⊂ π 1 (W ) that surjects to Gal k and such that π 1 (W )/(H n ∩ π 1 (W ) is isomorphic to A n . The results of Section §8 have the following corollaries.
Corollary 60. The class of principal homogeneous spaces under elliptic curves over Q of positive algebraic rank and with finite Tate-Shafarevich group, in particular under elliptic curves of analytic rank 1, forms a weakly anabelian class.
Proof: Let E/Q be such an elliptic curve. Then by Proposition 50 we have Div(H 1 (Q, E)) = Div(X(E/Q)) = 0 and we conclude by Proposition 57.
Corollary 61.
(1) For every elliptic curve E/Q of algebraic rank 0 there is a nontrivial principal homogeneous space W of arbitrary order in H 1 (Q, E) such that π 1 (W/Q) splits. (2) The class of principal homogeneous spaces of order divisible by a prime p > 7 and with local points everywhere under semistable elliptic curves over Q with trivial analytic rank forms a weakly anabelian class.
Proof: (1) By Proposition 47 there is a copy of Q/Z in H 1 (Q, E). The homogeneous space W corresponding to 1/n has order n and π 1 (W/k) splits due to Proposition 57.
(2) This is an immediate consequence of Proposition 48 and Proposition 57.
Remark 62. As a result of Proposition 52 and Proposition 57, the Selmer curve S = {3X 3 + 4Y 3 + 5Z 3 = 0} studied in detail in Section §8.4 provides an explicit example for a nontrivial element of a TateShafarevich group with however split fundamental group extension π 1 (S/Q), but obviously no rational point that is responsible for the splitting. This answers [Sx11b] Question 49.
We finally describe a weakly anabelian class of curves consisting of hyperbolic curves, and which therefore is of interest for the section conjecture.
